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• URu2Si2 & NpO2  – uncover the hidden order ...

• Fe pnictides – why low moments?



DFT+U

EHF =
1
2
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[ρacρbd − ρadρbc] �ab|g|cd�U:

where a,b,c,d enumerate the orbitals of 
the correlated atomic shell (d or f )

Problem: 
 Part of the interaction is treated both in DFT and U!
 Have to subtract the Double Counting.



DFT+U

Electron interaction in terms of Slater parameters
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Main interest - TM oxides ... (Anisimov et al)

90 - localisation: only diagonal elements of ρ

95 - distortions: block diagonal elements of ρ

00 - magnetic order: full ρ (Solvyev et al)

for l=2, ρ has dimension 10 × 10

no problem for computer ...

but for understanding!

03 - spherical averaged interaction (Dudarev et al)

DFT+U history



Around mean field (AMF) (Anisimov et al)

H and X in DFT correspond to HF for an 
unpolarised density matrix (DM)

Fully localised limit (FLL) (Dudarev et al)

Appropriate when DM has eigenvalues 
zero or one only

Interpolation between the two (Petukhov et al)

Interpolation constant calculated from DM

Double counting

α =
ctot
cmax

EDC = αEDC,FLL + (1− α)EDC,AMF



Background on actinides

• Abundant itinerant magnetic materials

• Unquenched orbital moments &           
huge anisotropies

• Interplay: magnetism & superconductivity

• DFT overestimates spin moments ...

• Can be remedied in DFT+ approaches



Polarisation of open shell
Local density matrix for the correlated shell

Unpolarised Spin polarisation

Higher polarisation terms?
Different kinds of orbital polarisation ...
Combined spin & orbital polarisation ...

ρ = (2[�])−1 (n1⊗ 1 + mz1⊗ σz + . . . )

[�]× [�]

[�] := 2� + 1

2× 2



Tensor moments ...
Transformation

Racah (42) 

wα ≡ wkpr = TrΓkprρ



Tensor moments ...
Transformation

Racah (42) 

even k: density 
odd k: current
p=0: charge
p=1: spin
r coupled k & p

wα ≡ wkpr = TrΓkprρ
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Open shell polarisation

�

kpr �=000

ckpr ≤ nnh

ckpr = [kpr]|Nkpr�|2 wkpr · wkpr

Trρ ≥ Trρ2Physical density matrix

with ”polarisation”

(ctot ≤ cmax)



Open shell polarisation

�

kpr �=000

ckpr ≤ nnh

Trρ ≥ Trρ2Physical density matrix

(ctot ≤ cmax)



Reformulation of HF

EHF =
1
2

�

abcd

[ρacρbd − ρadρbc] �ab|g|cd�

EHF =
1
2

�

α

(Jα −Kα)wα · wα

Transformation dm to spherical tensors (à la Racah)

ρ↔ wαone-to-one

”GHF”

⇒
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Cricchio et al, PRB 78, 100404R (2008)



DFT

H = −∆ + V + ξ� · σ − bXC · σ −
�

α

Bα
· Γα

bXC ≈
1
2
IStonermspin

σ su(2)

mspin morb

6 degrees of freedom



DFTDFT+U

H = −∆ + V + ξ� · σ − bXC · σ −
�

α

Bα
· Γα

bXC ≈
1
2
IStonermspin

σ su(2)

mspin morb

6 degrees of freedom

Bα = Kαwα

Γα su(14)

wα

195 dof

Anisimov, Liechtenstein, Solovyev, Shick ...



Both add exact exchange

DFT+U restricts to the correlated shell

DC vs reduced DFT

HDFT: ”screen” everything with 0.25

OK for U ...

But not for higher Slater parameters,       
that are screened much less (0.7 – 0.9)

DFT+U as a CDFT ...?

DFT+U vs Hybrid-DFT



• In the fields Bα – 4 Slater integrals:  F(k)

• Calculate with Yukawa potential 

• One parameter –    U = F(0)

• Double counting – AMF or FLL?

• Interpolation scheme by Petukhov et al

• Implemented in ELK (FP-APW+lo)                 
un-constrained non-collinear 
elk.sourceforge.net  (open source)

Free parameters ...

1
r
e−λr
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Exchange enhanced SOC!      



110 moments

-1

-0.8

-0.6

-0.4

-0.2

0

w
1
1
0
/
(
1
4
 -

 n
5
f
)

Theo
Expt

2 3 4 5 6 7
n

5f

0

2

4

6

O
c
c
u
p
a
t
i
o
n
 Theo j=5/2 

Theo j=7/2

Expt j=5/2

Expt j=7/2

U

Np

Pu

Am
Cm

EELS peaks and suggested an f count of 0.6.
Uranium falls directly on the LS coupling curve, Np falls

between the LS and intermediate curve, and Pu, Am, and Cm
all fall on or near the intermediate coupling curve. The inter-
mediate curve is strongly shifted toward the j j limit for Pu
and Am, evidencing the strong preference of the 5f electrons
for the 5f5/2 level in these two metals.9,10,15,16 However, at
Cm there is a sudden and pronounced shift in the intermedi-
ate coupling curve toward the LS limit.

We can calculate the electron occupation numbers n7/2
and n5/2 by substituting the values of nf and !w110" in Eqs. #1$
and #2$. The experimental and theoretical results are listed in
Table I and displayed in Fig. 2#b$, where the number of
electrons in the 5f5/2 and 5f7/2 levels as calculated in inter-
mediate coupling using the atomic model is drawn with
lines. Again, the experimental EELS results are indicated
with points. Apart from the slight deviation in the lighter
actinides, U and Np, which is caused by delocalization of the
5f states and thus indicates a departure from the atomic

model, the EELS results are in excellent agreement with the
theoretical curves. Figure 2#b$ clearly shows that for the ac-
tinide metals up to and including Am, the 5f electrons
strongly prefer the 5f5/2 level. However, this changes in a
striking manner at Cm, where not only does the electron
occupation sharply increases for the 5f7/2 level but even de-
creases for the 5f5/2 level. The results shown in Figs. 1 and 2
lead to several conclusions, each of which will be addressed.

The spin-orbit sum rule is sensitive to the degree of delo-
calization. This was previously alluded to in Ref. 9, but here
it is solidified by the Np results. The early actinide metals,
particularly U, exhibit LS coupling. However, the middle ac-
tinide metals Pu, Am, and Cm adhere to intermediate cou-
pling. Most interesting is the transition that occurs between
U and Pu, where the EELS results change from a pure LS
coupling for U to a pure intermediate coupling for Pu with
Np falling in between these curves #slightly biased toward
intermediate coupling$. This shows that the branching ratio is
sensitive to the degree of delocalization of the 5f states. An
LS mechanism is clearly observed in the more delocalized U
metal, but as the 5f states become progressively more local-
ized the coupling mechanism shifts toward intermediate cou-
pling, being directly on the intermediate coupling curve by
Pu.

These results illustrate that Pu metal is not quite as delo-
calized as previously believed. In solids with localized states,
a pure intermediate coupling mechanism would be expected,
and this is exactly what !-Pu metal exhibits in Figs. 1 and 2.
This is, in fact, true for both !- and "-Pu, since previous
branching ratio and spin-orbit sum rule analysis revealed
only a minor difference between the two phases.15 Thus,
while the spin-orbit sum rule is sensitive to the degree of
delocalization between each individual element, any change
in localization between !- and "-Pu is near the limit of de-
tectibility with the present technique.

Intermediate coupling for the 5f states as obtained from
atomic calculations is the appropriate scheme for Pu, Am,
and Cm. Although the early actinide metals deviate from the
intermediate coupling curve due to delocalization, Fig. 2#a$
shows that the middle actinide metals fall directly on it. Once
the metals adopt intermediate coupling #from Pu to Cm$, the
curve in Fig. 2#a$ is exceedingly accurate and this is clearly
proven by the results for curium. Pu and Am exhibit inter-
mediate coupling that is strongly shifted toward the j j limit.
In j j coupling, the electrons first fill the f5/2 level, which can
hold no more than six, and then begin to fill the f7/2 level.
This means that in j j coupling the maximal energy gain due
to spin-orbit interaction is obtained for Am f6, where the f5/2
level is full. For Cm f7, at least one electron must occupy the
f7/2 level. The f7 configuration obtains maximal energy sta-
bilization due to exchange interaction, with all spins parallel
in the half-filled shell, and this can only be achieved in LS
coupling. Thus, the intermediate curve is strongly shifted to-
ward the LS limit, as seen in Fig. 2#a$, to accommodate
Hund’s first rule. For Pu, Am, and Cm, the spin orbit and
exchange interaction compete with each other, resulting in
intermediate coupling, and this is why Am f6 still exhibits a
very small N4 peak in the EELS spectrum. However, increas-
ing nf from 6 to 7, a clear and pronounced shift from optimal
spin-orbit stabilization for f6 to optimal exchange interaction

FIG. 2. #Color online$ #a$ Ground-state spin-orbit interaction per
hole, !w110" / #14−nf$−#, as a function of the number of 5f elec-
trons #nf$. The three theoretical angular-momentum coupling
schemes are shown: LS, j j, and intermediate. The points indicate
the results of the spin-orbit analysis using the experimentally mea-
sured branching ratios of each metal in Fig. 1. #b$ Electron occupa-
tion numbers n5/2 and n7/2 calculated in intermediate coupling as a
function of nf. The points indicate the experimental results: the
ground-state n5/2 and n7/2 occupation numbers of the 5f shell from
the spin-orbit analysis of the EELS spectra in Fig. 1.

BRIEF REPORTS PHYSICAL REVIEW B 76, 073105 #2007$

073105-3

from Moore et al, PRB 76, 073105 (2007)

EELS SO-sum rule present work
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Polarisation terms
LDA+ULDA
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Time reversal symmetry
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orbit coupling 
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Hund’s rules Katt’s rules

HI.   Saturate spin polarisation – 011

HII.  Optimise polarisation 101

            Induced polarisations

                110 & 112

HIII. Let w110 < 0

KI.   Saturate spin-orbit polarisation – 110

KII.  Optimise polarisation 615 (617)

            Induced polarisations:

                415 & 505  (none)

KIII. Polarise 011, if possible

for extended systems:
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Cricchio et al, EPL (2011)



DFT+U
In terms of polarisation EX = −1
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F. Cricchio et al.

The operator T brings a spherical tensor to a tesseral form

[13], the symbol [ab . . . c] = (2a+1)(2b+1) . . . (2c+1) and

Nkpr� is a normalization factor.

Polarization. – Since the multipolar expansion of the

density matrix is a bijective transformation, there is a re-

ciprocal transformation to Eq. (2),

ρ12 =

�

kprt

Λkpr
t,12w

kpr
t . (3)

In this light one can see that the multipoles enumerate the

possible ways the density matrix may polarize [14]. When

all multipole moments except w000
0 are zero, we have a

totally unpolarized system, i.e. a diagonal density matrix

with all basis functions equally populated, since Λ000
0 is

proportional to the unity matrix. In the jmj basis the

general expansion matrix of Eq. (3) takes the form
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In addition, since the density matrix has to fulfil the

criterion Trρ ≥ Trρ2, we can derive a condition for the

tensor moments

�
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2[�kpr]|Nkpr�|2
�
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�2
=

�

kpr �=000

πkpr ≤ nnh ,

(5)

where we have defined the polarization of the kpr-channel,
πkpr

. In this inequality n and nh = 2[�]− n are the num-

ber of electrons and holes, respectively. This puts severe

restriction how the tensor moments can polarize simulta-

neously.

It is worth noticing that the polarizations πkpr
are in-

dependent of the normalization factor, in contrast to the

MP moments wkpr
. Therefore it is convenient to express

physical quantities as the exchange energy in terms of po-

larization. In line with what was presented in Ref. [7], the

spherical (screened) exchange energy EX arising from the

intra-shell interaction can be exactly expressed in terms

of these polarizations,

EX = −1
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or Racah E(n)
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rameters. In the former case the prefactor is given by

B(�)
kn� = (−1)

k
[�]

�
� n� �
0 0 0

�2 �
� � k
� � n�

�
(8)

while C(�)
kn =

�
n� B

(�)
kn�

�
D(�)−1

�

n�n
is obtained from the

inverse of the transformation from Slater to Racah pa-
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[8]. In Eq. (8) the

two row {...}-symbol is the Wigner-6j symbol. Here we

give the transformations D(�)
and the corresponding C(�)

coefficients in the Racah expansion of the exchange en-

ergy of Eqs. (6) and (7) for p, d and f states. Note that
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. (11)

Here we observe a few notable facts. The exchange en-

ergy becomes surprisingly simple when expressed in terms

of Racah parameters. There are numerous zeroes in the

C-matrices, where for instance the E(1)
term only con-

tributes to even k. It is only for the MP with maximum

k = 2� that all Racah terms contribute with the same

sign. In the approximation of only including the E(0)

term the expression becomes tremendously simple with

all MP-polarisations contributing equally. This approxi-

mation is equivalent to the so-called spherically averaged

approximation of Dudarev et al. [9], as E(0)
= U − J

when expressed in terms of the spherically averaged Hub-

bard repulsion U and intra-atomic exchange J , while

E(1)
=

[�]
[�+1]J .

Time reversal symmetry breaking. – Sponta-

neous polarization of the density matrix is intimately con-

nected to symmetry breaking. For atoms in a crystal en-

vironment some polarizations of charge multipoles are al-

ways present due to directional bonds; we will refer to such

polarization as induced. Whether a spontaneous polariza-

tion may occur is a delicate competition between gain in

exchange energy and loss in kinetic energy. In the case of

itinerant systems the most important symmetry breaking

is that of the time reversal (TR) symmetry. In its pres-

ence all electronic states are doubly degenerate, which is

p-2
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The operator T brings a spherical tensor to a tesseral form

[13], the symbol [ab . . . c] = (2a+1)(2b+1) . . . (2c+1) and

Nkpr� is a normalization factor.

Polarization. – Since the multipolar expansion of the

density matrix is a bijective transformation, there is a re-

ciprocal transformation to Eq. (2),

ρ12 =

�

kprt

Λkpr
t,12w

kpr
t . (3)

In this light one can see that the multipoles enumerate the

possible ways the density matrix may polarize [14]. When

all multipole moments except w000
0 are zero, we have a

totally unpolarized system, i.e. a diagonal density matrix

with all basis functions equally populated, since Λ000
0 is

proportional to the unity matrix. In the jmj basis the

general expansion matrix of Eq. (3) takes the form

Λkpr
t,12 = Nkpr�

�
[j1j2][kpr](−)

j1−m1

×






� � k
s s p
j1 j2 r




 T
�

j1 r j2
−m1 t m2

�
. (4)

In addition, since the density matrix has to fulfil the

criterion Trρ ≥ Trρ2, we can derive a condition for the

tensor moments

�

kpr �=000

2[�kpr]|Nkpr�|2
�
wkpr

�2
=

�

kpr �=000

πkpr ≤ nnh ,

(5)

where we have defined the polarization of the kpr-channel,
πkpr

. In this inequality n and nh = 2[�]− n are the num-

ber of electrons and holes, respectively. This puts severe

restriction how the tensor moments can polarize simulta-

neously.

It is worth noticing that the polarizations πkpr
are in-

dependent of the normalization factor, in contrast to the

MP moments wkpr
. Therefore it is convenient to express

physical quantities as the exchange energy in terms of po-

larization. In line with what was presented in Ref. [7], the

spherical (screened) exchange energy EX arising from the

intra-shell interaction can be exactly expressed in terms

of these polarizations,

EX = −1

4

�

kpr

Akπ
kpr , (6)

where

Ak =

�

n�

B(�)
kn�F (n�)

=

�

n

C(�)
knE

(n)
(7)

as expressed in terms of Slater F (n�)
or Racah E(n)

pa-

rameters. In the former case the prefactor is given by

B(�)
kn� = (−1)

k
[�]

�
� n� �
0 0 0

�2 �
� � k
� � n�

�
(8)

while C(�)
kn =

�
n� B

(�)
kn�

�
D(�)−1

�

n�n
is obtained from the

inverse of the transformation from Slater to Racah pa-

rameters, E(n)
=

�
n� D(�)

nn�F (n�)
[8]. In Eq. (8) the

two row {...}-symbol is the Wigner-6j symbol. Here we

give the transformations D(�)
and the corresponding C(�)

coefficients in the Racah expansion of the exchange en-

ergy of Eqs. (6) and (7) for p, d and f states. Note that

0 ≤ k ≤ 2�, 0 ≤ n ≤ � and 0 ≤ n�/2 ≤ �.

D(1)
=

�
1 − 1

5

0
3
25

�
⇒ C(1)

=
1

3




1 5

1 0

1 2



 (9)

D(2)
=




1 − 1

14 − 1
14

0
5
98

5
98

0
1
98 − 5

882



 ⇒ C(2)
=

1

5





1 7 0

1 0 21

1 2 −9

1 0 −9

1 2 5





(10)

D(3)
=





1 − 2
45 − 1

33 − 50
1287

0
14
405

7
297

350
11583

0
1

2025 − 1
3267

175
1656369

0
1

135
2

1089 − 175
42471




⇒

C(3)
=

1

7





1 9 0 0

1 0 0 33

1 2 286 −11

1 0 0 0

1 2 −260 −4

1 0 0 −9

1 2 70 7





. (11)

Here we observe a few notable facts. The exchange en-

ergy becomes surprisingly simple when expressed in terms

of Racah parameters. There are numerous zeroes in the

C-matrices, where for instance the E(1)
term only con-

tributes to even k. It is only for the MP with maximum

k = 2� that all Racah terms contribute with the same

sign. In the approximation of only including the E(0)

term the expression becomes tremendously simple with

all MP-polarisations contributing equally. This approxi-

mation is equivalent to the so-called spherically averaged

approximation of Dudarev et al. [9], as E(0)
= U − J

when expressed in terms of the spherically averaged Hub-

bard repulsion U and intra-atomic exchange J , while

E(1)
=

[�]
[�+1]J .
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neous polarization of the density matrix is intimately con-

nected to symmetry breaking. For atoms in a crystal en-

vironment some polarizations of charge multipoles are al-

ways present due to directional bonds; we will refer to such

polarization as induced. Whether a spontaneous polariza-

tion may occur is a delicate competition between gain in

exchange energy and loss in kinetic energy. In the case of

itinerant systems the most important symmetry breaking

is that of the time reversal (TR) symmetry. In its pres-

ence all electronic states are doubly degenerate, which is
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Hidden order: NpO2

 2nd order transition at To=26 K 
 but no moments
 AF-I 3k type ordering

 Suggestions: rank 2, 3 and 5 ...
 Triakontadipoles from localized CF picture
 consistent with INS
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T 
(OK) 

10 
15 
20 
25 
30 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
298.16 

TABLE II. Thermodynamic properties of ThO •. 

C. 
(cal deg- ' mole-I) 

0.032 
0.096 
0.240 
0.492 
0.827 
1.614 
2.430 
3.226 
4.006 
4.767 
5.525 
6.246 
6.960 
7.649 
8.315 
8.951 
9.546 

10.10 
10.62 
11.10 
11.55 
11.97 
12.35 
12.71 
13.04 
13.35 
13.64 
13.90 
14.15 
14.38 
14.60 
14.80 
14.76 

±0.015 

HO-HoO 
(cal 

mole-I) 

0.08 

38.60 

257.3 

655.1 

1196.5 

1839.1 

2551.6 
2524.4 
±3 

SO 
(cal deg-' mole-I) 

0.011 

1.068 

3.948 

7.129 

10.227 

13.088 

15.683 
15.593 

±0.02 

FO-HoO ---
T 

(cal deg-' mole-I) 

0.003 

0.296 

1.375 

2.762 

4.244 

5.732 

7.159 
7.126 

±0.01 

The heat content or enthalpy was calculated by 
numerical quadrature of the heat capacity versus the 
temperature, the entropy by numerical quadrature of 
the heat capacity versus the logarithm of the tempera-
ture, and the free energy from the relation F=H-TS. 
The extrapolation below lOoK was made with a Debye 
function. The values of these thermodynamic functions 
at 50° intervals are given in Table II. The estimated 
probable error in each function is 0.2 percent at SOoK 
and 0.1 percent at temperatures above SOoK, but in 
order to make the table internally consistent, one more 
figure is given for some of the values than is justified by 
the experimental accuracy. 

DISCUSSION 

The heat capacities of thorium dioxide, uranium 
dioxide,! and neptunium dioxide2 are presented graphi-
cally in Fig. 2. As anticipated, thorium dioxide, unlike 
the other two dioxides, does not have an anomaly in its 
heat capacity. 

On the assumption that the lattice heat capacity of 
the actinide dioxides is equal to the heat capacity 
of thorium dioxide, the magnetic contributions to the 
heat capacities of uranium dioxide and of neptunium 
dioxide can be obtained by taking the difference be-

tween the thorium dioxide curve and the other curves in 
Fig. 2. The magnetic heat-capacity curves resemble 
those calculated for a cooperative transition from an 
ordered antiferromagnetic state at low temperatures to 
a disordered state at temperatures above the anomaly,7 
except that they are appreciably different from zero at 
temperatures far above the anomaly. 

Similarly, the magnetic contributions to the entropies 
can be obtained by subtracting the entropy of thorium 
dioxide from the entropies of uranium dioxidel and of 
neptunium dioxide.2 The results are shown in Fig. 3. 

It is of interest to compare these results with the 
magnetic entropies calculated on the basis of the spin-
only and the free ion approximations and also to com-
pare them with the magnetic susceptibility data. In 
uranium dioxide, with two unpaired electrons, the 
magnetic entropy at high temperatures is R In (2S+1) 
=R In 3=2.18 cal deg-l mole-l if the orbital contri-
bution to the magnetic moment is completely quenched. 
On the other hand, the magnetic entropy of free UH 
ions at high temperatures is R In (21+ 1) =R In 5=3.20 
cal deg-l mole-l if the ground state is 6d2 3F 2, or R In 9 
=4.37 cal deg- l mole-l if the ground state is 5f 16dl3H4 
or 5f2 3H4• (Hund's rules are assumed. The term symbols 
are given for LS coupling, but 1 in the ground state 
will be the same for jj coupling as for LS coupling.) It 
can be seen from Fig. 3 that the magnetic entropy of 
uranium dioxide attains the spin-only value of R In 3 
at about 73°K and increases steadily with temperature. 
At 298.16°K it is 3.04 cal deg- l mole-I, corresponding 
to partial but not complete quenching of the orbital 
angular momentum. Extrapolation indicates that the 
magnetic entropy exceeds R In 5 above 370oK, and this 
may be an argument against the 6d2 electronic con-
figuration for the ground state. 

The effective magnetic moment of uranium dioxide 
derived from susceptibility measurements extending 
down to 800 K is 3.20 Bohr magnetons.3 •8 This magnetic 
moment is intermediate between the spin-only value 
(2.83 Bohr magnetons) and that for the free ions with 

w 
-' o 

8 
o 
-' .. u 
ci 
u 

50 100 150 200 250 
T".K 

FIG. 2. Heat capacities of ThO., DO., and NpO •. ------
7 R. Kikuchi, Phys. Rev. 81, 988 (1951). 
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Hidden Order and Low-Energy Excitations in NpO2
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We investigate the nature of the hidden order parameter in the ordered phase of NpO2, which had been
identified with a staggered arrangement of !5 magnetic multipoles. By analyzing the existing experi-
mental data, we show that the most likely driving order parameter is not provided by octupoles, as usually
assumed, but rather by the rank-5 triakontadipoles. Calculations of the coupled dynamics of spins, !5

quadrupoles, and !5 triakontadipoles in the ordered phase enable us to analyze the resulting structure of
low-energy excitations. We show that the powder inelastic neutron scattering cross section should contain,
in addition to the already-observed peak at 6.5 meV, a second weaker peak at about 14 meV.

DOI: 10.1103/PhysRevLett.97.207203 PACS numbers: 75.10.Dg, 75.40.Cx, 75.40.Gb

The low-temperature properties of NpO2 have recently
attracted much attention because its second-order phase
transition, occurring at T0 ’ 26 K, has been proposed as
the first example of ordering driven by a magnetic-
multipole (MM) primary order parameter (OP) [1–10].
No experimental indication of magnetic dipole order has
ever been found by neutron diffraction or Mössbauer spec-
troscopy. Only recently, resonant x-ray [3] and 17O-NMR
[9] measurements demonstrated the occurrence of longitu-
dinal type-I (AF-I) triple-q ordering of !5 electric quadru-
poles, lowering the symmetry from Fm"3m to Pn"3m. These
quadrupoles have been interpreted as secondary OPs in-
duced by a longitudinal type-I triple-q ordering of !5
magnetic multipoles. In fact, both the saturating suscepti-
bility as T ! 0 and !SR experiments [11] indicate that
time-reversal symmetry is broken below T0.

Although the symmetry of the OP has been unveiled,
truly direct evidence of the MM primary OP is still lacking
and the specific form of the leading primary OP is un-
known. The resulting structure of the low-energy wave
functions and excitations in the ordered phase are still
unclear. In particular, there are four distinct triplets of
operators belonging to !5 which could drive the transition.
One of these may be constructed from rank-3 (octupoles),
one from rank-5 (triakontadipoles), and two from rank-7
operators. Here we show that existing information provides
strong evidence that rank-5 !5-MMs are the driving force
of the phase transition. The coupled dynamics of spins, !5
quadrupoles, and !5 triakontadipoles in the ordered phase
is calculated by the random-phase approximation (RPA),
and a proposal for a new inelastic neutron scattering (INS)
experiment is put forward. Besides providing direct evi-
dence of MM order, INS could be used to validate the
present theoretical results about low-energy excitations.

In the high-temperature phase, NpO2 has the fcc CaF2
crystal structure. The ground J ! 9=2 multiplet of each
Np4" ion is split by the cubic crystal field (CF) into two !8
quartets separated by about 50 meV and a higher-lying !6
doublet (Fig. 1) [12]. The effective CF Hamiltonian for the
J ! 9=2 multiplet is [13,14]

 HCF ! W
!
x
O4

F#4$ " #1% jxj$ O6

F#6$

"
"Hmix#x;W$; (1)

where Hmix#x;W$ represents an additional term describing
the weak J-mixing effects in II-order perturbation theory.
Even if its effect is small, we include Hmix as we wish to
adopt a model as realistic as possible, with the actual CF
wave functions. The precise form of the !8 wave functions
is set primarily by the x parameter and to a smaller extent
by W through Hmix. Two possible sets of CF parameters,
having x ’ %0:75 and x ’ %0:48, had been identified on
the basis of INS data [12], but we have recently shown that
only the x ’ %0:48 set scales satisfactorily over the whole
(UO2, NpO2, PuO2, AmO2, CfO2) series of compounds
[14].

In the triple-q ordered phase below T0, there are four
inequivalent sublattices (Fig. 1). The most parsimonious

E (meV)

0

50

Γ6(2)

Γ8(4)

Γ8(4)

E (meV)

 13
Γ6(1)

Γ5(1)

Γ4(2)

250

0

FIG. 1 (color online). Calculated cubic CF levels and mean-
field splitting of the ground !8 quartet in the ordered phase. The
(x ! %0:48, W ! %4:8) CF set and the rank-5 !5 MM OP have
been used. Numbers in parentheses are degeneracies. The image
represents the arrangement of the !5 MMs (cones) and of the
induced !5 quadrupoles (ellipsoids) in the 4-sublattices triple-q
ground state.
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nate higher-order contaminations of the scattered beam. Data
were collected in the constant-Q mode, with fixed final en-
ergy Ef =14.6 meV !kf =2.662 Å−1". The instrument energy-
transfer resolution was about 1.5 meV; the initial polarization
was Pi=0.82!1". A flat-coil dc neutron spin flipper was used
to reverse the polarization of the incident beam. A system of
Helmholtz coils14 was used to control the direction of the
neutron spin at the sample position either parallel to the scat-
tering vector Q=ki−k f !horizontal field, HF" or along the
vertical direction !vertical field, VF". In the following, the x
axis of the reference frame is defined to be parallel to Q, the
y axis is perpendicular to Q and lies in the scattering plane,
and the vertical z axis is perpendicular to the scattering
plane.

The generalized expression for the neutron cross section
can be found in Refs. 15 and 16. If the incident neutron

polarization Pi is parallel to Q, the polarization component
Pfx of the scattered beam is given by

Pfx! = a + NN!Pi − !M"yM"y
! + M"zM"z

! "Pi, !1"

where ! is the double-differential cross section, a is a
polarization-independent background, N indicates the vibra-
tional scattering amplitude, and M"" are Cartesian compo-
nents of the inelastic neutron magnetic scattering operator. A
chiral magnetic term is ignored, as the system considered
here is cubic and centrosymmetric. The scattering from lat-
tice vibrations, proportional to NN!, then gives rise to a non-
spin-flip !NSF" signal, whereas magnetic scattering reverses
the polarization of the beam, and hence leads to a spin-flip
!SF" signal. On the other hand, with Pi parallel to z the final
polarization along the vertical direction is such that

Pfz! = a + NN!Pi + !M"zM"z
! − M"yM"y

! "Pi. !2"

In this configuration, components of the magnetic fluctua-
tion perpendicular to Q but parallel to Pi give rise to NSF
scattering, whereas components perpendicular to both Q and
Pi produce SF scattering. For a polycrystalline sample, the
response is isotropic and therefore the purely magnetic scat-
tering can be determined either by comparing SF !flipper on"
and NSF !flipper off" intensities in the HF mode or as twice
the difference between HF and VF spin-flip count rates
2!ISF

HF− ISF
VF". The background is given by 2ISF

VF− ISF
HF.

In the energy window between 3 and 11 meV, a single
broad peak at about 6.4 meV had been identified by previous
INS experiments on powder samples.10 Low-T specific-heat
measurements17 are inconsistent with the presence of excited
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[1 1 -2]

= 6 T
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FIG. 1. !Color online" Magnetic field produced by the rank-5
component of the OP of NpO2 at T=0. The Np ion at the center
belongs to the sublattice characterized by a magnetic-multipole mo-
ment having !111" as the C3 axis. The field has been calculated at
distances of 0.7 and 0.9 Å from the Np nucleus as described by
Santini and Amoretti !Ref. 28". The central ellipse schematically
represents the quadrupole contribution to the charge density of the
5f electrons, which is oblate with respect to the !111" axis.

FIG. 2. !Color online" Schematic energy spectra of the Np4+

ions in NpO2. A bare crystal-field gap of 55 meV is present between
the two #8 quartets in the paramagnetic phase, with a further #6
excited doublet presumably located about 274 meV above the
ground state. In the ordered phase, the ground CF quartet is split
into two #5,6 singlets, having the same expectation value for the
electric quadrupole !represented by an ellipsoid" but reversed mag-
netic triakontadipole !represented by an arrow", and a #4 doublet,
having reversed electric quadrupole with respect to the #5,6 states
and null magnetic triakontadipole.
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Crystal and magnetic structure of the oxypnictide superconductor LaO1−xFxFeAs:
evidence for magnetoelastic coupling

N. Qureshi,1, ∗ Y. Drees,1 J. Werner,2 S. Wurmehl,2 C. Hess,2 R.
Klingeler,2 B. Büchner,2 M. T. Fernández-Dı́az,3 and M. Braden1, †

1II. Physikalisches Institut, Universität zu Köln, Zülpicher Strasse 77, D-50937 Köln, Germany
2Leibniz-Institut für Festkörper- und Werkstoffforschung (IFW) Dresden, D-01171 Dresden, Germany

3Institut Max von Laue-Paul Langevin, 6 rue Jules Horowitz, BP 156, 38042 Grenoble Cedex 9, France
(Dated: February 23, 2010)

High-resolution and high-flux neutron as well as X-ray powder-diffraction experiments were per-
formed on the oxypnictide series LaO1−xFxFeAs with 0 ≤ x ≤ 0.15 in order to study the crystal
and magnetic structure. The magnetic symmetry of the undoped compound corresponds to those
reported for ReOFeAs (with Re a rare earth) and for AFe2As2 (A=Ba, Sr) materials. We find an
ordered magnetic moment of 0.63(1) µB at 2 K in LaOFeAs, which is significantly larger than the
values previously reported for this compound. A sizable ordered magnetic moment is observed up
to a F-doping of 4.5% whereas there is no magnetic order for a sample with a F concentration
of x=0.06. In the undoped sample, several interatomic distances and FeAs4 tetrahedra angles ex-
hibit pronounced anomalies connected with the broad structural transition and with the onset of
magnetism supporting the idea of strong magneto-elastic coupling in this material.

PACS numbers: 61.50.Ks; 74.70.Xa; 75.30.Fv
Keywords:

I. INTRODUCTION

The recently discovered family of oxypnictides
superconductors1 has focused the interest of the scientific
community as they represent the first non-copper-oxide
based layered superconductors reaching a Tc of 55 K.2

Their crystal structure is similar to the one adopted by
the copper-based superconductors i.e. a layered struc-
ture where FeAs sheets are sandwiched by LaO/F sheets
(Fig. 1(a)). Like for the cuprates superconductivity arises

FIG. 1: (Color online) (a) Visualization of the tetragonal crys-
tal structure of LaO1−xFxFeAs and the definition of the As-
Fe-As bond angles. (b) The magnetic structure only showing
the Fe ions in the orthorhombic unit cell (straight line). The
dashed line depicts the tetragonal cell. (c) Alternation of the
moment direction along the c axis due to the propagation
vector k=(1 0 1

2
)

by chemical doping and suppression of the magnetic
ground state; however, also the application of pressure to
the non-doped system can induce superconductivity for
certain FeAs compounds3,4,5,6,7 in clear contrast to the
cuprates where the antiferromagnetic state of the parent
phase is a Mott-Hubbard insulator requiring electronic
doping in order to obtain metallicity and superconduc-
tivity. For SmO1−xFxFeAs the magnetic ordered state
even extends to doping levels within the superconduct-
ing regime and low-energy spin fluctuations have been
observed up to the doping levels where Tc is maximal.8

These findings suggest an important role of magnetism
in the superconducting pairing.

The magnetism in the FeAs compounds appears to
be very sensitive to the structural details which in turn
modify the Fermi nesting conditions and the geometric
frustration. It has even been stated that the structural
distortions play a more important role in the modifica-
tion of the Fermi surface than charge doping for induc-
ing superconductivity.9 The shape of the FeAs4 tetrahe-
dra seems to be decisive, as the highest superconducting
transition temperatures are obtained for regular FeAs4
tetrahedra.10,11 This observation is corroborated by den-
sity functional theory calculations which reveal a clear
dependence of the Fe magnetic moments as well as of
the magnetic interaction parameters on the shape of the
FeAs4 layers, i.e. the FeAs bond distance and the layer
thickness.12

We have combined high-flux and high-resolution neu-
tron and X-ray powder diffraction experiments to study
the magnetic and crystal structure of the LaO1−xFxFeAs
series. We may unambiguously determine the magnetic
symmetry of the undoped material finding a sizeable or-
dered moment. The doping dependence of structural pa-
rameters qualitatively confirms earlier studies, but upon

2.5. Doping dependence of the structural and magnetic transitions

Initial studies revealed that the structural distortion and long
range magnetic order were absent in the optimally doped LaFe-
AsO1!xFx material [11], and this was found to be the case for all
the 1:1:1:1 and 1:2:2 materials investigated to date
[11,12,14,16,19,38,39]. The doping dependence of the structural
and magnetic transitions has been investigated in detail for the
La [14] and Ce [16] 1:1:1:1 materials, and the phase diagram for
CeFeO1!xFx is shown in Fig. 6. The structural and magnetic temper-
atures both decrease with increasing doping content, with the iron
Néel temperature decreasing more rapidly. For the Ce system [16],
it is apparent that the long range order for the iron vanishes before
superconductivity appears. Therefore these two order parameters
appear to fully compete with each other. For the La 1:1:1:1 system
the transition as a function of doping may be first-order or there
could be coexistence [14], while for the Ba1!xKxFe2As2 there is evi-
dence of coexistence of antiferromagnetic order and superconduc-
tivity [39]. On the other hand, it is clear that the orthorhombic
structural phase overlaps into the superconducting regime for

these systems, so that the superconductivity can occur in both
the tetragonal and orthorhombic structures.

One trend that has become apparent in the crystallographic
studies is a systematic decrease in the Fe–As/P–Fe bond angle for
Fe-based superconductors with higher TC as shown in Fig. 7 [16],
indicating that lattice effects play an important role in the super-
conductivity. Indeed the highest TC is obtained when the Fe–As/
P–Fe angle reaches the ideal value of 109.47! for the perfect FeAs
tetrahedron. This suggests that the most effective way to increase
TC in Fe-based superconductors is to decrease the deviation of the
Fe–As/P–Fe bond angle from the ideal Fe–As tetrahedron. It also

Fig. 5. Low temperature magnetic structures for the rare earth and iron moments in (a) CeFeAsO, (b) NdFeAsO, and (c) PrFeAsO. In each, the iron magnetic structure is
assumed not to change when the rare earth moments order.

Fig. 6. Phase diagram for CeFeAsO1!xFx as a function of fluorine doping. Both the
structural and magnetic phase boundaries decrease with increasing x. The magnetic
long range order is suppressed before superconductivity develops, while the
superconductivity is able to develop in the orthorhombic as well as the tetragonal
structure [16].

Fig. 7. The Fe–As(P)–Fe bond angle is found to vary systematically with TC for the
Fe-based superconductors. (a) Schematic illustration of what happens to the Fe–As–
Fe tetrahedron as a function of TC. (b) and (c) Dependence of the maximum TC on the
Fe–As(P)–Fe angle and Fe–Fe/Fe–As(P) distance. The maximum TC is obtained when
the Fe–As(P)–Fe bond angle reaches the ideal value of 109.47! for the perfect FeAs
tetrahedron [16].
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 FeAs layers 
 SC under doping – up to 60 K ...
 AF in parent compounds
 Correlated electrons?

 Not understood: Small moments & FeAs bonds



0 1 2
m  (µB/atom)

0

1

2

3

4
E 

  (
eV

/u
c)

0

4

2

3
zAs

E
(m

eV
/u

c)E
(e

V
/u

c)

m (µB/atom)

0.64 0.65

5

10

Small moments
DFT+U



0 1 2
m  (µB/atom)

0

1

2

3

4
E 

  (
eV

/u
c)

0

4

2

3
zAs

E
(m

eV
/u

c)E
(e

V
/u

c)

m (µB/atom)

0.64 0.65

5

10

Small moments
DFT+U



-1

0
E X

   
(e

V
/a

to
m

)

0 1 2
m   (µB/atom)

-2
0
2
4
6

w
41

0141

40

2
4

0

m (µB/atom)

w
4
1

E
X

(e
V

/a
to

m
)

Tensor moments



Contribution to DM

Γ41
20 =





2
√

5 0 0 0 0
0 −2

√
5 0 0 0

0 0 0 0 0
0 0 0 0

√
15

0 0 0
√

15 0




⊗ σz

xz zy xy x2 − y2 z2



Magnetization density

Cricchio et al. PRB 81, 140403(R) (10)



Summary
• Brief description of DFT+U

• Reformulated (scr) exchange – tensor moments

• Unexpected exchange channels dominate

• Hidden order in URu2Si2 & NpO2 – triakontadipole

• Katt’s rules to substitute Hund’s in actinides

• Multipoles play a role in undoped FeAs

• Small moments

• FeAs bonding distance



Epilogue
• What about Kondo and Mott and these guys ...?

• Dynamic effects are important

• Our static MF approach overestimates the effect

• BUT

• The energies involved are large

• Agreement with experiments is compelling

• Reduced spin moments & Hidden order etc
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